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Motivating problems: full line heat

Orq(x, t) — Ouq(x,t) =0 (x,t) eRx(0,T), (1.PDE)
q(x,0) = Q(x) x € R, (1.1C)
q(-,t) e S(R) tel0,T], (1.BQ)
Apply exponential Fourier transform Fg [¢] () = /oo e M p(x) dx to get

8tFR [q] ()\, t) - F]R [aqu] (>" t)
— N’z [q] (A ¢). by IBP.

Solve temporal ODE for Fg [q] (A; t) = e Ny [Q] (A). Apply inverse Fourier transform:

gl t) = — / T eVt Q] (A) A

P2
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Motivating problems: full line heat

Orq(x, t) — Ouq(x,t) =0 (x,t) eRx(0,T), (1.PDE)
q(x,0) = Q(x) x € R, (1.1C)
q(-,t) e S(R) tel0,T], (1.BQ)
Apply exponential Fourier transform Fg [¢] () = /oo e M p(x) dx to get

8tFR [q] ()\, t) - F]R [aqu] ()" t)
— N’z [q] (A ¢). by IBP.

Solve temporal ODE for Fg [q] (A; t) = e Ny [Q] (A). Apply inverse Fourier transform:

gl t) = — / T eVt Q] (A) A

e
Argument uses 2 properties of the exponential Fourier transform:
@ The transform diagonalizes of the spatial differential operator.

@ The transform is invertible.
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Motivating problems: half line Dirichlet heat

Orq(x, t) — 0w q(x,t) =0 (x,t) € (0,00) x (0, T), (2.PDE)
q(x,0) = Q(x) x € [0, 00), (2.1C)
Q(O, t) =0, q( " t) € S[O’ OO) te [07 T]a (2BC)

Apply Fourier sine transform Fy [¢] (A) = / sin(Ax)d(x) dx to get
0

0:Fs [q] (\i t) = Fs [O0xeq] (A 1)
= —NFs[q] (A 1), by IBP.

Solve temporal ODE for Fg[q] (\; t) = e NIF, [Q] (A). Apply inverse Fourier sine transform:
alx,£) = ot [ R [Q1 (V)] ().
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Motivating problems: half line Dirichlet heat

Orq(x, t) — 0w q(x,t) =0 (x,t) € (0,00) x (0, T), (2.PDE)
q(x,0) = Q(x) x € [0, 00), (2.1C)
q(07 t) =0, q( " t) € S[O’ OO) te [07 T]a (2BC)

Apply Fourier sine transform Fy [¢] (A) = / sin(Ax)d(x) dx to get
0
0¢Fy [Cl] ()\. t) =F; [6qu] ()\, t)
= —N?Fy[q] (\; 1), by IBP.
Solve temporal ODE for Fg[q] (\; t) = e NIF, [Q] (A). Apply inverse Fourier sine transform:
alx,£) = ot [ R [Q1 (V)] ().

Argument uses 2 properties of the Fourier sine transform:
@ The transform diagonalizes of the spatial differential operator.
@ The transform is invertible.
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Motivating problems: finite interval Dirichlet heat

0:q(x, t) — Ouxq(x, t) = 0 (x,t) € (0,1) x (0, T), (3.PDE)
q(x,0) = Q(x) x € [0,1], (3.1C)
q(0,t)=0, q(1,t)=0 telo, T], (3.BC)

Apply finite interval Fourier sine transform:

1
Fsser [0] () = 2/0 o(x) sin(jrx) dx, FoL (G )jen] (x Z Gjsin(jmx).

to get,
OFs ser [q] (./v t) = Fs ser [aqu] (.i; t), jEeN
= —(jm)?Fs ser [] (s 1), by IBP.

Solve temporal ODE for Fy ¢, [q] (J; t) = e U R, o0 [Q] (J; t). Apply inverse finite interval Fourier

sine transform: .
a(x, 1) = FoL, [e" 0 F, Q) ()] (x).
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Aside: Kernel of the Fourier Sine transform
The finite interval Fourier sine transform can be viewed as an inner product

Foer [0](2) = (6, 25in(Ax))
Observe that
2sin(Ax) € span{e™ e~}
2

= eigenspace for formal eigenvalue A2 of adjoint of — e
X

The particular element of this eigenspace chosen (and the particular eigenvalue 2 = j272) is fixed by

the requirement that 2sin(Ax) be a true eigenfunction of the adjoint of the finite interval Dirichlet heat
operator.

But it will be helpful to think of it, less precisely, as just some formal eigenfunction from that formal
eigenspace.
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Motivating problems: observations

There is a spectral transform method broadly applicable to initial boundary value problems for constant
coefficient linear evolution equations in 1 + 1d.

You need the right transform for the job in the sense that:
@ The transform diagonalizes of the spatial differential operator.

@ The transform is invertible.

The forward transform F [¢] is composed (somehow) of inner products of ¢ with formal eigenfunctions
of the adjoint spatial differential operator.

But how do you find the right transform?
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Classical generalization

Use separation of variables (solve a Sturm-Liouville problem) to derive the right transform pair.

Difficulty: relies on eigenfunctions forming a basis of the space of initial data.
This matters because, eg., operator in

[0: + &2]q(x,t) =0 (x,t) € (0,1) x (0, T),
q(x,0) = Q(x) x €[0,1],
q(0,t) = q(1,t) = g«(1,t) =0 telo, T].

does not have a complete system of eigenfunctions (D. Jackson 1915), but the problem is well posed.
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Modern generalization

Use Fokas transform method. See works of Fokas, Pelloni, Mantzavinos, Deconinck, Trogdon, Vasan,
Sheils. ..

Inverse transform is a contour integral. Forward transform accepts a continuous (complex contour)
parameter.

Avoids difficulty of incompleteness of eigenfunctions.
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Aim

Find a transform that will work for a given initial boundary value problem.
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Aims

Find a transform that will work for a given initial boundary value problem.

Find a very slightly more general transform method that can be used with that transform to solve the
initial boundary value problem.

DA Smith (University of Newcastle) Fokas diagonalization 2026-09-30 9/34



Plan

A. Some illustrative examples.

@ Half line Neumann problem for Airy equation.
@ Finite interval problem for the heat equation with a nonlocal condition.
© Half line Dirichlet problem for the linearized BBM equation.

B. Two point problems on the finite interval.

@ Describe more efficient derivation of the Fokas transform pair.
@ Describe (in what sense) the Fokas transform pair diagonalizes the spatial differential operator.
@ Solve IBVP with the Fokas transform pair.

C. Interface problems

@ Finite networks & piecewise constant coefficients.
@ Linearized KdV with a metric graph defect.
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A1l. Half line Neumann problem for Airy equation
Study problem

[0: + 83]q(x,t) =0

(x,t) € (0,00) x (0, T), (4.PDE)
q(x,0) = Q(x) x € [0, 00), (4.1C)
gx(0,t) =0, q(-,t) € S[0,00) telo, T] (4.BC)

Suppose we know a linear transform pair that obeys F~1 [F [¢]] (x) = ¢(x) and ...
3 .
F550] () = —iXF 8] (V).
Then (4.PDE) implies

A:F [q] (A t) —iX3F[g] (A t) = 0.
Solve temporal ODE for

Flal (A t) = eV TF[QI (M)

and apply inverse transform:

a(x, t) = F1 [eD‘StF [Q] (A)] (x).
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A1l. Half line Neumann problem for Airy equation
Study problem

[0 + d3]q(x, t) =0 (x,t) € (0,00) x (0, T), (4.PDE)
q(x,0) = Q(x) x € [0, 00), (4.1C)
gx(0,t) =0, gq(-,t)€ S[0,00) te [0, T (4.BC)

Suppose we know a linear transform pair that obeys F~1 [F [¢]] (x) = ¢(x) and ...
F-550] () = —iXF [ (V) + RI6] (V).
Then (4.PDE) implies
9:F [q] (A 1) — INF[g] (A £) = =R [g] (A ).
Solve temporal ODE for
ixde
Flal (A1) = FF[QI(X)
ot
- / N (E=9R [q] (\: ) ds
Jo
and apply inverse transform:

a(x, 1) = F~L [ F[Q1 (V)] ()

_f! |:/0t N (t-9)R [q] (X;s)ds| (x).
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Al. What is the transform pair?
We can solve the half line Neumann problem for Airy equation (4) using a linear transform pair that
obeys F~1[F[#]] (x) = ¢(x) and

F[d‘%ﬂ (A) = —iX°F[g](\) +R[g] (\), F { /O N (IR [g] (A s)ds| (x) =0,

for g satisfying the boundary conditions.
The transform pair is, for v = €2™/3 and D* = {A € C: § < arg(\) < &},

3
ey dy A€R,
Flol() = {fooo #(y) [Oéze’io"\y + ae’io‘z’\y} dy A€ oD,
1 .
FF() = o /RU8D+ M F(N) dA x € [0,00).

Proof sketch.

Invertability: Show [,,. ¢**F(A)d\ = 0, then Fourier inversion theorem.

Diagonalization: Show R[¢] ()\) is a polynomial of degree < 3, with opposite sign on R and OD.
Integrate by parts, use Jordan's lemma & Cauchy’s theorem. O
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A2. Diffusion equation with a nonlocal condition

£\ lamp

clear tube

colloidal suspension

1 photovoltaic cell

T T T
0 a 1
For g, concentration of dispersed substance, initial boundary value problem:
[0: — 92]q(x,t) =0 (x,t) € (0,1) x (0, T),
q(x,0) = Q(x) x €]0,1],
gx(1,t) =0 te|o, T],
q(0, 1) = ~(t) te0, 7],

DA Smith (University of Newcastle) Fokas diagonalization 2026-09-30

13/34



A2. Diffusion equation with a nonlocal condition

5

: | can buy
g ;ﬁ = 1
. f"r Lo | expensive

instruments!
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A2. Diffusion equation with a nonlocal condition

~

| can only afford
a finitely small
photovoltaic
cell!
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A2. Diffusion equation with a nonlocal condition

£\ lamp

clear tube

colloidal suspension

1 photovoltaic cell

T T >
0 a 1
For g, concentration of dispersed substance, initial nonlocal value problem:
[0: — 0?]q(x,t) =0 (x,t) € (0,1) x (0, T),
q(x,0) = Q(x) x €]0,1],
gx(1,t) =0 te|o, T],
é/o a(x, t)dx = 4(t) teo,T],
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A2. Diffusion equation with a nonlocal condition

£\ lamp

clear tube

colloidal suspension

1 photovoltaic cell

T T T
0 a 1
For g, concentration of dispersed substance, initial nonlocal value problem:
[0: — 92]q(x,t) =0 (x,t) € (0,1) x (0, T),
q(x,0) = Q(x) x €]0,1],
gx(1,t) =0 telo, T],
[ Kot 00 = s tefo. 7]
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A2. Heat equation with a nonlocal condition

[0: — 9%q(x,t) =0 (x,t) € (0,1) x (0, T), (5.PDE)
q(x,0) = Q(x) x € [0,1], (5.1C)
/0 K(y)aly, )dy = 0 = qu(1, £) telo, Tl (5.8C)

[3 P.D. Miller and D. A. Smith,
The diffusion equation with nonlocal data,
J. Math. Anal. Appl. 466 2 (2018), 1119-1143.

ﬁ B. Normatov and D. A. Smith,
The Airy equation with nonlocal conditions,
Stud. Appl. Math. 152 2 (2024), 543-567.

[3 D.A. Smith,
On some nonlocal diffusion problems, (in preparation).
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A2. Heat equation with a nonlocal condition

[0: — 3?]q(x,t) =0 (x,t) € (0,1) x (0, T),
q(x,0) = Q(x) x € [0,1],
| K@)ty =0 =10 teo,T].

Suppose we know a linear transform pair that obeys F~1 [F [¢]] (x) = ¢(x) and
F-250] () = 2FI9 () + R[E (V).
Then (5.PDE) implies
O:F [a] (A t) + A°F[g] (A ) = —R[a] (X; t).
Solve temporal ODE for

t
Flal (i 6) = e X*F [Q] (V) - / e NEIR [g] (A 5) ds
0
and apply inverse transform:

alx. 1) = F1 e MR QI (V)] ()
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A2. What is the transform pair?

We can solve the finite interval problem for the heat equation with a nonlocal condition (5) using a linear transform pair
that obeys F~1 [F [¢]] (x) = ¢(x) and

t
Fl-dao] =Pl + R, £ | [ IR (69 as] () =,
J0
for g satisfying the boundary conditions.

The transform pair is, for Df,[ ={NeC: ] <arg(£N) < 37", Al > p} and p>> 0,

/ "ol dy NER,
0
FIZTN = ) Zer (v 0)7a0) X €Dy,
—e AT (N 9)/AN) A€ oD, ,
FLF](x) = 1 eMF(X) dx x €1]0,1],
27 JrupjuD;,
where
1
A = /0 K(y) cos([1 — y]A) dy,
1 y 1 1
TN A) _ —iXz —ix -
CFne) = /0 K(y) cos([1 — y]A) /0 P2 (z) dzdy + /0 K(y)e ™ / cos([1 — 2]\)é(2) dz dy,
1 1
) = [ K [ sinllz ~ yNo(z) dzdy.
Jo Jy
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A3. Half line Dirichlet problem for linearized BBM

Study problem

[0:(1 — 02) + dxJa(x,t) = 0 (x,t) € (0,00) x (0, T), (6.PDE)
q(x,0) = Q(x) x € [0, 00), (6.1C)
q(0,t) =0 teo, T). (6.BC)

More generally,

for spatial differential operators L, M having the same domain: smooth functions obeying the boundary
conditions.

We need a transform pair that obeys F~1 [F [#]] (x) = ¢(x) and
F Lol (A) = we(NF[9] (A) + R [0] (M),
F[Mo](A) = wm(AF 9] (A) + Ru [0] (A),
with

-1 Utej;(a&(ts)RL [a] (A:s) + Ru [a:] (Ais)
0

o) s| (x)=0.
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A3. Transform method with mixed partials
Using our transform on (6.PDE), we get

0 = 0,F [Mgq] (\; t) + F[Lq] (\; t).
The diagonalization with remainder implies
0 = 0 (wm(NF [g] (X t) + Rur [q] (A ) +wi(A)F [a] (A t) + Re[q] (A; 1)
Multiply by et“t(N)/«m(X) /50, (X\) and rearrange for

0=0, (etwL(A)/wM()\)F [q] (\; t)) + etwr(N)/wm(N) R [q] (\; t) + Rum [qe] (A t).
UJM()\)

Solve temporal ODE for

Flal(\ £) = e SR [Q] (A) — /O ooy Refal (A SO)JAJ;(I;;W la: (Xis)

and apply inverse transform:

alx.t) = 1 [ R Q)] (0
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A. Conclusions

If you can find a transform pair which diagonalizes the spatial part of the differential operator in the
right way, then the same transform method will always work.

This can be extended to problems with mixed partials, with the natural generalization of the transform
method.

The criteria for success of the transform method show how the transform pair must diagonalize the
differential operator.

DA Smith (University of Newcastle) Fokas diagonalization 2026-09-30 18/34



B3. Solve IBVP with Fokas transform pair: dream scenario
Differential operator & boundary conditions:

Lo =w(=iB)o,  0=Bed=D bijol D(0) + B0l V(1)

j=1
where w monic of degree n and k =1,...,n. Study problem
Orq(x,t) +alLg(-,t)=0 (x,t) € (0,1) x (0, T), (7.PDE)
q(x,0) = Q(x) x € [0,1], (7.1C)
Byg(-,t)=0 tel0,T], k=1,....n. (7.BQ)

Suppose we know a transform pair that obeys F~1 [F [¢]] (x) = ¢(x) and F[L#] (\) = A"F [¢] (N).
Then (7.PDE):
0:F [q] (N t) = —aX"F[q] (\; t).

Solve temporal ODE for F [q] (\; t) = e~ ®*"*F [Q] ()\) and apply inverse transform:
q(x, 1) = FH " F[QI (V)| (x)-
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B3. Solve IBVP with Fokas transform pair: real scenario
Suppose F~1[F [¢]] (x) = ¢(x) holds, but F[Lg] (\) = A"F [¢] (\) is replaced by
FILo] (M) = A"F[g] (A) + R[] (N),

where, for appropriate functions q( -, t) obeying boundary conditions,

e[ [ oria veas| () <o

0

Then (7.PDE) implies
F[gl (Nit) = —aX"F[q] (A t) — aR[q] (\; t).

Solve temporal ODE for

Flgl (0 ) = e~ F[Q(\) — o2\t /O "R [q] (\:s) ds

and apply inverse transform for
alx,t) = F71 [ " F[QI (V)] ()
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B3. Solve IBVP with Fokas transform pair: observation

We do need invertability: F~1 [F[¢]] (x) = ¢(x).
But true diagonalization, F[Lg] (A) = A"F [¢] ()), is not required.

It is enough to have
FLo] (A) = A"F [¢] (A) + R[] (A),
where, for appropriate functions q( -, t) obeying boundary conditions,

-1 {/Otea/\“(s—t)R [q] (\;s)ds| (x) =0,

for the transform method to work.
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B2. Diagonalization how?
Theorem
There exists a remainder transform R such that, for all ¢ satisfying the boundary conditions,

F[Lg] () = A"F[¢] () + R[9] (A)
and, if q : [0,1] x [0, T] — C is such that, for all t € [0, T], q( -, t) satisfying the boundary conditions and, for all

j €{0,1,...,n— 1}, uniformly for all x € [0,1], &.q(x, - ) is a function of bounded variation, then, for all t € [0, T] and

(8a)

all x € (0,1),
F! [ / Ces-0R [q] (X; s) ds} (x)=0. (8b)
’ y
Proof sketch.
Precisely define R [¢] (\). Show R [¢] (\) is analytic and O (|/\|"71) as A — oo, uniformly in arg(\). To show (8b):
integrate by parts to get 1/a\” factor so O (|)\|71) overall. Use Jordan's lemma & Cauchy’s theorem. O
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B1. Derivation of transform: biholomorphic map

Proposition
For sufficiently large % > 0, there is a function v which satisfies

w(v(N) =\, lim v(A)/X =1,

A—00

is biholomorphic outside the disc centered at zero with radius %, and whose derivative approaches 1 as
A — oo, uniformly in the argument of \.

Not a new theorem, but we give an elementary proof.

Allows us to think of the eigenvalues as A" instead of w(\), simplifying some arguments.
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B1. Derivation of transform: formal transform pair
“Formal” because it works with the formal differential operator; it ignores the boundary conditions.

F161 () = (6,70 / o(x)e O dx, A > 2, (92)
1
FF](x) = > DV / XL (N F(A) dA, (9b)
i
-
7 a perturbation of R to avoid the disc on which v is undefined.
Theorem
Suppose that ¢ € C*0,1]. Then, for all x € (0,1), F 1 [.Z [¢]] (x) = &(x). J
Proof sketch.
Change of variables k = /() in usual exponential Fourier transform. DJ
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B1. Derivation of transform: forward transform
Let o = exp(27i/n), so that w(v(a/A)) = (/X)) = A", for j =1,2,...,n.

Build forward transform out of inner products with certain eigenfunctions of the adjoint formal
differential operator. Recall that we expect

Flo](\) = <¢, certain linear combination of ei”((’j’\)'> .

Define the adjoint L*t) = w(—i0x)¥ so that (Lo, ) = (¢, L*4) with adjoint boundary forms B}. Let M
be the characteristic determinant of L*,

M; (A) = Bjreiv(ei=): A(N) = det M()).

Let M; x(\) be the critical minors of M and let M* be the part of M depending on just the left/right
boundary. Then F [¢] (\) = F* [¢] (A) for A € C*,

]'Ur [¢] (A) = 27Vr/A()(\)A) Z Z(—l)(n71)0+k) det Mj k()‘)MlJrk()‘)/o qzS(X)efiu(ozj—l)\)x dX,

j=1 k=1

—/()

Folel(N) = 27800 ZZ(—l)("_l)(Hk) det M; k()\)/\/[l—k()\)/o ¢(X)e—iu(af*h)x dx.
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B1. Derivation of transform: inverse transform
Inverse transform is defined by

F! [F](x) = p.v./r ei”()‘)xF()\) dA,

where T is a perturbation of {\ € C: Re(\") = 0}.
Theorem

Suppose ¢ € C1[0,1] and certain integrals evaluate to 0. Then, for all x € (0,1),

FH[F[4]] (x) = ¢(x).

Proof sketch.

Contours chosen so that, under the assumption, much of the contour integrals cancels. Forward
transform chosen so that remaining parts simplify to .7 ~1 [.7 [¢]] (x). Apply validity theorem of formal
transform pair. O

v

Assumption is not too restrictive. Requires eigenvalues aren't in the wrong places and certain ratios of
analytic functions decay. Such assumptions always appear (or are proved) in the unified transform
method.
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B1. Derivation of transform: observations

The problem of deriving the Fokas transform pair is reduced to construction of the classical adjoint.
And that can be done algorithmically; see Coddington & Levinson book 1955.
A student, Linda Linfan Xiao, implemented it in julia as undergraduate thesis.

Another student, Sultan Aitzhan, reimplemented it in ApproxFun.
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C1. Interface problems: statement of problem

Several copies of finite interval [0, 1].
On each a different formal differential operator, all same degree.
Boundary conditions prescribe linear combinations of all boundary values from all intervals.

Defines L, a list differential operator. The initial interface value problem is

Orq(x,t) +aolq(x,t) =0 (x,t) € (0,1) x (0, T), (10.PDE)
q(x,0) = Q(x) x € [0,1], (10.1C)
q( -, t) obeys the boundary conditions telo, T], (10.BC)

where g( -, t), Q are lists of functions, one on each copy of spatial interval [0, 1], and a a list of
temporal coefficients, o is entrywise multiplication.

Note: this also includes piecewise constant coefficient PDE.
See also Deconinck & Farkas (forthcoming).
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C1. Interface problems: via usual Fokas method

See Sheils's work for how to do this, several in collaboration with Deconinck.

Arduous to derive D-to-N map, because you have to solve very large linear systems by hand.
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C1. Interface problems: via new approach

Sultan Aitzhan & Sambhav Bhandari constructed the adjoint of the interface differential operator.
Sultan implemented in julia & ApproxFun.

That gives you the definition of the transform pair.

Analogous diagonalization result holds.

So the same transform method can be used to solve the initial interface value problem.
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C2. LKdV with a metric graph defect

. U— (ug Ut
Study linearized KdV on each edge of *~—>—--

with some vertex conditions. Solution:

Uafx)
3 A U-(x)
Uolx)+2

u+(x,0.0000)

u-(x,0.0000)

ue(x,0.0000)+2
2

-2.5 0.0 25 5.0

[3 D.A. Smith,
The linearized Korteweg-de Vries equation on the line with metric graph defects,

Stud. Appl. Math. 156 (2026), iss. 4, €70208, 1-51.
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Conclusion

Fokas diagonalization is not like
FILo] (A) = A"F[8] ().
Instead, Fokas diagonalization is like

F[Lo](A) = A"F[9] (A) + R[8] (N),

where, for appropriate functions q( -, t) obeying boundary conditions,

e[ [ oria e as] () o

0

But that is enough for the transform method to work, essentially unaltered.

We've got a quicker way to derive the transform, in terms of the characteristic determinant of the
classical adjoint.

All this works for problems with interface or nonlocal conditions, or with mixed partials.
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